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Abstract: A vertex labeling of G is an assignment f : V(G) — {1,2,3,...,p + q} be an 
injection. For a vertex labeling f, the induced Smarandachely edge m-labeling f§ for an 
edge e = uv, an integer m > 2 is defined by fg(e) = ee . Then f is called a 
Smarandachely super m-mean labeling if f(V(G))U{f*(e) : e € E(G)} = {1, 2,3,...,p+q}. 


Particularly, in the case of m = 2, we know that 
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. er if f(u) + f(v) is even; 
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if f(u) + f(v) is odd. 


Such a labeling is usually called a mean labeling. A graph that admits a Smarandachely 
super mean m-labeling is called a Smarandachely super m-mean graph, particularly, a mean 
graph if m = 2. In this paper, some new families of mean graphs are investigated. We 
prove that the graph obtained by two new operations called mutual duplication of a pair of 
vertices each from each copy of cycle Cy as well as mutual duplication of a pair of edges each 
from each copy of cycle C;, admits mean labeling. More over that mean labeling for shadow 


graphs of star K1,, and bistar By,» are derived. 
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m-mean graph, mean graphs; mutual duplication. 
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§1. Introduction 


We begin with simple,finite,connected and undirected graph G = (V(G), E(G)) with p vertices 
and q edges. For all other standard terminology and notations we follow Harary [3]. We will 
provide brief summary of definitions and other information which serve as prerequisites for the 


present investigations. 
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Definition 1.1 Consider two copies of cycle C,. Then the mutual duplication of a pair of 
vertices uv, and vi, respectively from each copy of cycle C,, produces a new graph G such that 
N(vg) = N (uy). 


Definition 1.2 Consider two copies of cycle Cy, and let ex, = vpvR+1 be an edge in the first 
copy of Cy with ep-1 = Up—1Up and e€g41 = VE+1UR+2 be its incident edges. Similarly let 


Cn = UmUm+1 be an edge in the second copy of Cy, with e},, 1 = Um—1Um and ej, 41 = Um41Um+42 
be its incident edges. The mutual duplication of a pair of edges ex, €},, respectively from two 
copies of cycle C, produces a new graph G in such a way that N(vg) — vp¢1 = N(Um) — Um+1 


={Uk—1, Um—1} and N(vg+41) — vk = N(Um+41) — Um ={Uk+2,Um+2}- 


Definition 1.3. The shadow graph D2(G) of a connected graph G is obtained by taking two 
copies of G say G’ and G”. Join each vertex u’ in G’ to the neighbors of the corresponding 


vertex u” in G”. 


Definition 1.4 Bistar is the graph obtained by joining the apex vertices of two copies of star 


Kin by an edge. 


Definition 1.5 If the vertices are assigned values subject to certain conditions then it is known 


as graph labeling. 


Graph labeling is one of the fascinating areas of research with wide ranging applications. 
Enough literature is available in printed and electronic form on different types of graph labeling 
and more than 1200 research papers have been published so far in past four decades. Labeled 
graph plays vital role to determine optimal circuit layouts for computers and for the repre- 
sentation of compressed data structure. For detailed survey on graph labeling we refer to A 
Dynamic Survey of Graph Labeling by Gallian [2]. A systematic study on various applications 
of graph labeling is carried out in Bloom and Golomb [1]. 


Definition 1.6 A vertex labeling of G is an assignment f : V(G) — {1,2,3,...,p+q} be 
an injection. For a vertex labeling f, the induced Smarandachely edge m-labeling f% for an 


edge e = uv, an integer m > 2 is defined by fe(e) = ane . Then f ts called a 
m 
Smarandachely super m-mean labeling if f(V(G)) U{f*(e) :e € E(G)} = {1,2,3,...,p + gh. 


Particularly, in the case of m = 2, we know that 


Te F(u) + fF) if f(u) + f(v) is even; 
= WFR O et - 4 
ge if f(u) + f(v) is odd. 


Such a labeling is usually called a mean labeling. A graph that admits a Smarandachely super 
mean m-labeling is called a Smarandachely super m-mean graph, particularly, a mean graph if 


m = 2. 


The mean labeling was introduced by Somasundaram and Ponraj [4] and they proved the 
graphs P,, Cn, Pn X Pm, Pm X Cy etc. admit mean labeling. The same authors in [5] have 
discussed the mean labeling of subdivision of Ky,, for n < 4 while in [6] they proved that the 
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wheel W,, does not admit mean labeling for n > 3. Mean labeling in the context of some graph 
operations is discussed by Vaidya and Lekha[7] while in [8] the same authors have investigated 
some new families of mean graphs. In the present work four new results corresponding to mean 


labeling are investigated. 


§2. Main Results 


Theorem 2.1 The graph obtained by the mutual duplication of a pair of vertices in cycle C, 


admits mean labeling. 


Proof Let v1,v2,..., Un be the vertices of the first copy of cycle C;, and let uj,ug,..., Un 
be the vertices of the second copy of cycle C;,. Let G be the graph obtained by the mutual 
duplication of a pair of vertices each respectively from each copy of cycle C;,. To define f : 
V(G) — {0,1,2,...,q} two cases are to be considered. 


Case 1. nis odd. 


Without loss of generality assume that the vertex v nts from the first copy of cycle C;, and 
the vertex u, from the second copy of cycle C, are mutually duplicated. 


a 
fv) = 21-2 for sis", 
3 
f(m) =n+4; 
1 
flu) =n+2%+3 for2 sis, 
iN nei <i<n. 


Case 2: n is even. 


Without loss of generality assume that the vertex vn+2 from the first copy of cycle C;, and 
2 
the vertex u, from the second copy of cycle C, are mutually duplicated. 


2 

fv) = 21-2 for sis 

4 
CeCe ee eae <i<n; 
f(m) =n+4; 
F(ui) = n+ 243 for 2<i< 5; 

2 
F(u;) = 3n — 2446 for <i<n. 


In view of the above defined labeling pattern f is a mean labeling for the graph obtained by 


the mutual duplication of a pair of vertices in cycle C,. 


Illustration 2.2 The following Fig.1 shows the pattern of mean labeling of the graph obtained 
by the mutual duplication of a pair of vertices of cycle Cio. 
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Fig.1 


Theorem 2.3 The graph obtained by the mutual duplication of a pair of edges in cycle C, 


admits mean labeling. 


Proof Let v1,v2,..., Un be the vertices of the first copy of cycle C;, and let uj,ug,..., Un 
be the vertices of the second copy of cycle C;,. Let G be the graph obtained by the mutual 
duplication of a pair of edges each respectively from each copy of cycle C,,. To define f: V(G) > 
{0,1,2,...,q} two cases are to be considered. 


Case 1. 7 is odd. 


Without loss of generality assume that the edge e= Unti Unts from the first copy of cycle 
Cy, and the edge e’= u,ug from the second copy of cycle C;, are mutually duplicated. 


1 
fv) = 21-1 for 2 sis, 


oI 


n+3 


1 
fui) =n 42% +2 for <i< 


3 
fost be 


<ic<n. 
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Case 2. nis even, nF 4. 


Without loss of generality assume that the edge e= v241v242 from the first copy of cycle 
Cy, and the edge e’= u,uzg from the second copy of cycle C;, are mutually duplicated. 


f(vj) =2-2 forl<i<—41,; 
F(vi) = An — 8) +3 for 5 +2<i <n; 
fui) =n+%+2forl<is +h; 
F(ui) = 3n— %+7 for 5 +2<i<n. 


Then above defined function f provides mean labeling for the graph obtained by the mutual 


duplication of a pair of edges in C),. 


Illustration 2.4 The following Fig.2 shows mean labeling for the graph obtained by the mutual 
duplication of a pair of edges in cycle Co. 


Theorem 2.5 D2(Ki,,) is a@ mean graph. 


Proof Consider two copies of Ky. Let v,v1,v2,..., Un be the vertices of the first copy 
of Ky, and v’,v},v5,..., vj, be the vertices of the second copy of Ky, where v and v’ are the 
respective apex vertices. Let G be D2(Ky,,). Define f: V(G) — {0,1,2,...,q} as follows. 


f(uj) = 4n — 214.2 for 2<i<n. 


The above defined function provides the mean labeling of the graph D2(K1,,). 
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Illustration 2.6 The labeling pattern for D2(Ky,4) is given in Fig.3. 


Fig.3 


Theorem 2.7 D2(Bniy) is @ mean graph. 


Proof Consider two copies of By». Let {u,v,ui,ui,l < i < n} and {u’,v’, ui, ui,1 < 


2 G9 SG 


i < n} be the corresponding vertex sets of each copy of By». Let G be D2(By»). Define 
f: V(G) — {0,1,2,...,q} as follows. 


flu) = 

ee 

f(v) =8n+1; 

f(u) =4¢4+1 forl<i<n-1, 
f(Un) = 4n + 5; 

f(u') = An; 

f(wl) =2(n +4) forl<i<n-1; 
f(ui,) =4n—-1, 

f(v') = 8n + 3; 

f(v)) =8(n 41) - 44 for 1 <i<n. 


In view of the above defined labeling pattern G admits mean labeling. 


Illustration 2.8 The labeling pattern for D2(B3,3) is given in Fig.4. 


§3. 
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Fig.4 


Concluding Remarks 


As all the graphs are not mean graphs it is very interesting to investigate graphs or graph 


families which admit mean labeling. Here we contribute two new graph operations and four 


new families of mean graphs. Somasundaram and Ponraj have proved that star Ky, is mean 


graph for n < 2 and bistar By» (m > n) is mean graph if and only ifm < n+ 2 while in 


this paper we have investigated that the shadow graphs of star Ky,, and bistar By, also admit 


mean labeling. 


To investigate similar results for other graph families and in the context of different labeling 


techniques is an open area of research. 
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